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We onsider a spinor ondensate of
87
Rb atoms in F = 1 hyperne state onned in an optial
dipole trap. Putting initially all atoms in mF = 0 omponent we nd that the system evolves
towards a state of thermal equilibrium with kineti energy equally distributed among all magneti
omponents. We show that this proess is dominated by the dipolar interation of magneti spins
rather than spin mixing ontat potential. Our results show that beause of a dynamial separa-
tion of magneti omponents the spin mixing dynamis in
87
Rb ondensate is governed by dipolar
interation whih plays no role in a single omponent rubidium system in a magneti trap.
PACS numbers: 03.75.Mn, 05.30.Jp, 75.45.+j, 75.50.Mm
Sine the rst ahievement of a Bose-Einstein onden-
sation of trapped atomi gases, an ultraold atomi
87
Rb
vapor is onsidered as the generi example of an atomi
ondensate. Rubidium atoms have many features whih
make them a perfet andidate for ultraold atoms ex-
periments. At temperatures in the nanokelvin regime,
interatomi interations an be, to a very high auray,
approximated by a short range two body potential with
the s-wave sattering length as being the only relevant
parameter. In a magneti trap, the two low eld seek-
ing states stable with respet to two body proesses, are
the two hyperne states of the atomi rubidium ground
state: |F = 2,mF = 2〉 or |F = 1,mF = −1〉. Simple
estimation of a harateristi ontat energy gives:
Ec =
(
4pi~2as/M
)
n , (1)
where as is the s-wave sattering length, M is the mass
of the atom and n is a typial atomi density. The spin
dipole-dipole interation energy is of the order of:
Ed = µ
2n , (2)
where magneti moment of
87
Rb in an F = 1 hyperne
state is equal to µ = 1
2
µB where µB is the Bohr magne-
ton. The ratio of these two energies is:
Ed/Ec = 4.2× 10−4 . (3)
Due to the smallness of the atomi magneti moment the
dipole-dipole interation between atoms is several orders
of magnitude smaller than the ontat interation and
an be ignored. The rubidium ondensate in a magneti
trap is thus a perfet example of a weakly interating
system with ontat interation haraterized by a single
parameter  the sattering length.
Experimental ahievement of a ondensate of atoms
with sizeable long range dipolar fores was a great hal-
lenge. Finally, after overoming a number of serious dif-
ulties a hromium
52
Cr ondensate haraterized by
a relatively large dipole moment was reated [1℄. More-
over, by utilizing the tehnique of Feshbah resonane the
ontat term was pratially turned o and pure dipolar
ondensate was ahieved [2℄.
In this paper we show that yet another and experimen-
tally muh simpler way to dipolar ondensates is possi-
ble. Namely, optial dipole traps allow for a simultaneous
trapping of various magneti omponents of a given hy-
perne state, i.e. spinor ondensates. A spin dynamis
of rubidium F = 1 and F = 2 states and the formation
of a ondensate due to inrease of the atomi number in
a given Zeeman sublevel was studied experimentally [3℄.
In the experiment [4℄ a transfer of atoms from the initial
mF = 0 state to mF = ±1 states was observed.
The theoretial studies related to [4℄ were performed in
one or two spatial dimensions [5, 6, 7℄ and dipole-dipole
interations so far were ignored. On the other hand, some
theoretial and experimental evidene of enhaned role
of dipolar fores in F = 1 87Rb was reported. This is
the observation of disintegration of a helial struture of
magnetization [8℄ or Einstein-de Haas eet [9, 10℄. Some
authors [8, 11, 12℄ have already stressed an enhaned role
of dipole-dipole interations in a spin dynamis of ferro-
magneti
87
Rb. This is beause the ontat spin mixing
term (see the Hamiltonian Eq. (5)) is proportional to
Es = 4pi~
2(a2 − a0)n/3M where the sattering lengths
a0 = 5.387nm and a2 = 5.313nm determine ollisional
ross setions in a hannel of a total spin 0 and 2 respe-
tively. Therefore a ratio of the dipolar energy to the spin
mixing ontat term in the ferromagneti rubidium is as
large as:
Ed/Es = 0.09 . (4)
In order to analyze proesses responsible for a spin dy-
namis we shall disuss a role of dierent terms of the
Hamiltonian of the system:
Hˆ =
∫
d3r
(
Ψˆ†i (r)H0Ψˆi(r) − γΨˆ†i (r)BFijΨˆj(r)
+
1
2
c
0
Ψˆ†j(r)Ψˆ
†
i (r)Ψˆi(r)Ψˆj(r)
2+
1
2
c
2
Ψˆ†k(r)Ψˆ
†
i (r)FijFklΨˆj(r)Ψˆl(r)
)
+
1
2
∫
d3rd3r′Ψˆ†k(r)Ψˆ
†
i (r
′)V dij,kl(r− r′)Ψˆj(r′)Ψˆl(r)
(5)
where repeated indies (taking values +1,0 and -1) are
to be summed over.
The rst term in (5) is the single partile kineti
energy and the trapping potential energy Vtr: H0 =
− ~2
2M∇2 + Vtr(r). The seond term desribes the inter-
ation with magneti eld B with γ being the gyromag-
neti oeient whih relates the eetive magneti mo-
ment with the hyperne angular momentum (µ = γF).
The terms with oeients c0 = 4pi~
2(a0+2a2)/3M and
c2 = 4pi~
2(a2 − a0)/3M desribe the spin-independent
and spin-dependent parts of the ontat interations. Be-
ause c2 < 0 the ground state of
87
Rb is ferromagneti.
F are the spin-1 matries. The last term desribes the
magneti dipolar interation of two magneti dipole mo-
ments loated at r and r
′
:
V dij,kl(r− r′) =
γ2
|r− r′|3FijFkl −
3γ2
|r− r′|5 ×
(Fij · (r− r′)) (Fkl · (r− r′)) . (6)
The eld operator Ψˆi(r) annihilates an atom in the
hyperne state |F = 1, i〉 at a point r. Using the lassial
elds approximation [13℄ we replae the eld operators
Ψˆi(r) by the lassial wavefuntions Ψi(r). The equation
of motion for these wavefuntions is
i~
∂
∂t

 Ψ1Ψ
0
Ψ−1

 = (H0 +HB +Hc +Hd)

 Ψ1Ψ
0
Ψ−1

 .(7)
The diagonal part of Hc is given by Hc11 = (c0 +
c2)Ψ
∗
1Ψ1 + (c0 + c2)Ψ
∗
0Ψ0 + (c0 − c2)Ψ∗−1Ψ−1, Hc00 =
(c0 + c2)Ψ
∗
1
Ψ
1
+ c0Ψ
∗
0
Ψ
0
+ (c0 + c2)Ψ
∗
−1Ψ−1, Hc−1−1 =
(c0 − c2)Ψ∗1Ψ1 + (c0 + c2)Ψ∗0Ψ0 + (c0 + c2)Ψ∗−1Ψ−1. The
o-diagonal elements that desribe ollisions not pre-
serving the spin projetion of eah atom are equal to
Hc10 = c2Ψ
∗
−1Ψ0, Hc0−1 = c2Ψ
∗
0
Ψ
1
. Moreover Hc1−1 =
0. On the other hand, for the Hd term one has Hdij =∫
d3r′Ψ∗n(r
′)V dij,nkΨk(r
′). This term is responsible for the
hange of total spin projetion of olliding atoms.
In the following we use the osillator units where a
distane is measured in ah0 = (~/Mω)
1/2
where ω =
2pi × 100 Hz. Initially the system is exited with all
atoms in mF = 0 omponent (with mF = ±1 ompo-
nents equal to zero). As the rst step we ompute the
mF = 0 ground state of the system by means of the imag-
inary time propagation. The resulting wave funtion was
then randomly perturbed in order to injet about 10% of
the exess energy.
The details of the lassial eld approximation are re-
viewed in [13℄. Within the lassial eld approxima-
tion this amounts to introdue a thermal fration into
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FIG. 1: (olor online) Populations of thermal louds formF =
+1 (red), mF = 0 (blak), and mF = −1 (green) states as a
funtion of time with (the main frame) and without (the inset)
dipole-dipole interations. The parameters are N=3x10
5
, β =
1. Total populations of mF = ±1 omponents are idential if
dipole-dipole interation is turned o. The external magneti
eld is equal to zero.
0 0.2 0.4 0.6 0.8 1 1.2 1.4
0
10
20
30
40
E k
in
H1
04
Ñ
Ω
L
0 0.2 0.4 0.6 0.8 1 1.2 1.4
TIME @sD
0
10
20
30
40
E k
in
H1
04
Ñ
Ω
L
FIG. 2: (olor online) Kineti energy ofmF = +1 (red),mF =
0 (blak), mF = −1 (green) states as a funtion of time with
dipole interations (upper panel) and without them (lower
panel) for N = 3x105 and β = 1. The time of thermalization
is shorter if dipolar interations are inluded. The external
magneti eld is equal to zero.
the initial state. In all our simulations 20% of atoms
are in the thermal louds, orresponding to T/Tc ≈ 0.58.
Moreover, we put a small seed (0.3% of all atoms) into
mF = ±1 omponents what is neessary to initiate a spin
3dynamis. We study numerially the dynamis leading to
a thermal equilibrium. In all simulations we use a grid
of 42 points in eah diretion with spatial step equal to
δx = 0.6.
We start our study with a spherially symmetri sys-
tem, β ≡ ωz/ωr = 1 (where ωr and ωz are the radial
and axial trap frequenies respetively) of N = 3 × 105
atoms, ωr = 2pi × 100 Hz and B = 0. Due to intera-
tions the initially empty magneti omponents beome
populated and nally all three thermal louds osillate
around the same value what signies a thermal equilib-
rium, Fig. 1. At the equilibrium, populations of ther-
mal frations of mF = ±1 omponents utuate inde-
pendently. Moreover the kineti energies aumulated
in every omponent saturate and equalize, Fig. 2. The
total populations of mF = ±1 omponents need not be
idential in the presene of dipolar interations due to
a noise triggered spontaneous hiral symmetry breaking.
To our surprise the dipole-dipole interations, seemingly
about order of magnitude smaller than ontat spin mix-
ing term, signiantly derease the thermalization time:
from 1.2s without dipole-dipole term to 0.35s when this
long range term is retained.
In order to get a better insight into the origin of the
observed enhaned role of the dipole-dipole interations
we examine in more detail a spatial struture of dier-
ent magneti omponents. Typial density proles are
shown in Fig. 3. At t = 250ms (upper panel) densities
and phases (not shown) of multiomponent spinor wave
funtion indiate the existene of a oreless vortex with
winding numbers equal (−1, 0,+1) for mF = (+1, 0,−1)
respetively. This vortex disappears on the time sale
of milliseonds. Let us note that density proles in
mF = +1 and mF = −1 omponents are not axially
symmetri and are rotated with respet to eah other
by pi/2. The dierent magneti omponents have small
spatial overlap. Similar separation of magneti phases
persists during the evolution, see Fig. 3 (lower panel).
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FIG. 3: The atomi density at z = 0 plane of mF = +1
(left frame), mF = 0 (middle frame) and mF = −1 (right
frame) omponents for the spherially symmetri trap and
N = 3 × 105 atoms at time t = 0.25s (top) and t = 0.95s
(bottom). The external magneti eld is equal to zero.
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FIG. 4: Ratio of averaged dipole-dipole energy to the mean
value of the ontat spin mixing term εd/εc as a funtion of
time. The external magneti eld is equal to zero.
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FIG. 5: (olor online) Kineti energy of mF = +1, 0,−1 om-
ponents for N = 105 atoms as a funtion of time. Top gure
 the oblate geometry, β = 2, while the lower one  the pro-
late shape, β = 0.5. Results were obtained from dynamis
generated by the full Hamiltonian - main frame, and by the
Hamiltonian without the dipole-dipole term - insets. The ex-
ternal magneti eld is equal to zero.
The transfer of atoms to initially empty magneti om-
ponents arises through dynamial instability. At ini-
tial stages of evolution the ontat spin mixing term
is responsible for the dynamial instability leading to
the formation of domains of opposite magnetization
4[14, 15, 16, 17℄, whih only weakly overlap. The dynam-
ially formed spinor wave funtion annot be desribed
by a single mode approximation models [11, 12, 18℄. The
simplest estimation of a magnitude of the ontat spin
mixing term Eq. (1) and the dipole-dipole energy Eq. (2)
makes use of a mean atomi density. This estimation is
not adequate if the magneti domains are formed beause
the dipole-dipole interation is the long range one as op-
posed to the zero range ontat potential. When spin
domains are formed the role of the ontat term signif-
iantly dereases and dipole-dipole interations beome
dominant if the spin dynamis is onerned. A mean
value of the ontat spin-mixing term averaged over the
spatial distribution of the spinor wave funtion is:
εc = c2
∫
d3rΨ∗
1
(r)Ψ∗−1(r)Ψ0(r)Ψ0(r) , (8)
while the dipole-dipole averaged energy reads:
εd = −~2µ2
∫
d3r
∫
d3r′Ψ∗1(r)
V (r, r′)
|r− r′|3Ψ0(r) , (9)
where V (r, r′) = 3/
√
2e−iφ cosΘ sinΘ(|Ψ1(r′)|2 −
|Ψ−1(r′)|2) + 3/2e−2iφ sin2 Θ(Ψ∗1(r′)Ψ0(r′) +
Ψ∗0(r
′)Ψ−1(r
′)) − (1 − 3/2 sin2Θ)(Ψ∗0(r′)Ψ1(r′) +
Ψ∗−1(r
′)Ψ
0
(r′)), and φ, Θ are the spherial angles of
R = r − r′. The ratio of these two terms is shown in
Fig. 4. During the evolution the dipole-dipole term
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FIG. 6: Densities of mF = +1 (left frame), mF = 0 (middle
frame) and mF = −1 (right frame) omponents for the ase
of N = 105 atoms. The top frame is for β = 2 at t = 0.7s, and
the bottom frame is for β = 0.5 at t = 0.35s. The densities of
mF = +1 and mF = −1 omponents for β = 2 are spatially
separated while for β = 0.5 they overlap.
is omparable to the ontat one and frequently the
dipolar interation beomes dominant. This is the main
observation of our study.
The struture of the dynamially unstable modes de-
pends on a geometry of the system. To explore this fat
we analyzed two ases, β = 2 (ωz = 2pi x 200 Hz, ωr = 2pi
x 100 Hz) orresponding to an oblate prole and β = 0.5
(ωz = 2pi x 100 Hz and ωr = 2pi x 200 Hz) harateristi
for a prolate shape. In the ase of the oblate geometry
the dipolar fores signiantly aelerate the spin dynam-
is while no eet is observed for the prolate geometry,
Fig. 5. The spatial density proles in Fig. 6 help to
understand this dierene. For the oblate shape the dy-
namis leads to the separation of phases and formation
of only weakly overlapping domains of opposite magne-
tization. This is the reason why the role of zero range
interation terms signiantly dereases and long range
dipole fores start to dominate the spin dynamis. The
same dynamis in the ase of the prolate geometry favors
the formation of almost idential strutures of mF = 1
and mF = −1 omponents and spin mixing ontat term
dominates over the dipole-dipole interation.
The theoretial studies of dipole-dipole interations in
F = 1 87Rb [19℄ show, that it is not easy to observe dipo-
lar eets at non-zero magneti eld. In partiular, dipo-
lar eets are easy to observe at magneti eld ∼ 10µG
[10℄. Our study shows, that it is experimentally possible
to see dipolar eets by observing time of thermalization
of the system. At T = 0K, the time of thermalization
for both type of systems (with and without dipole-dipole
interations) is the same and equals t ≈ 0.75s. For non-
zero temperatures (N0/N ∼ 0.8, where N0 is a number of
ondensed atoms andN is the total number of atoms) the
time of thermalization is dierent for both ases. The
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FIG. 7: (olor online) Populations of thermal louds formF =
+1 (red), mF = 0 (blak), and mF = −1 (green) states as a
funtion of time with (the main frame) and without (the inset)
dipole-dipole interations. The parameters are N=3x10
5
, β =
1, and Bz = 1mG. The time of thermalization is t ≈ 0.4s.
time of thermal equilibrium at Bz = 1mG (Fig. 7) for
spherial trap is almost idential as for Bz = 0 (Fig. 1).
The time of thermalization is equal t ≈ 0.4s and is still
three times smaller with the dipole-dipole interations
inluded. For Bz = 100mG, the system is thermalized
after t ≈ 0.7s (Fig. 11). For the without dipolar in-
terations the system is thermalized after t ≈ 1.2s (this
time is the same as without external magneti eld). So,
even at higher magneti elds, we an see dipolar eets
by observing the time of thermalization of the system.
The spatial density proles (Fig. 9) show, that in this
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FIG. 8: (olor online) Kineti energy of mF = +1 (red),
mF = 0 (blak), mF = −1 (green) states as a funtion of
time with dipole interations (the main frame) and without
them (the inset) for spherial symmetry. The time of thermal-
ization at Bz = 1mG remains shorter if dipolar interations
are inluded.
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FIG. 9: (olor online) The atomi density at z = 0 plane of
mF = +1 (left frame), mF = 0 (middle frame) and mF = −1
(right frame) omponents for the spherially symmetri trap
and N = 3× 105 atoms at Bz = 1mG at time t = 0.45s with
(top) and without (bottom) dipole-dipole interations.
relatively strong magneti eld the unstable Bogoliubov
modes have m = ±1 azimuthal quantum number in a
lose analogy with the 2D simulations of [7℄. The latter
had no dipole-dipole fores, thus we onlude that the
magneti eld tends to mask the dipolar eets [19℄.
The dynamis of both systems allows to observe rih
strutures of spin textures. Figure 10 shows typial stru-
tures of [Fx, Fy] quantity for dipolar ase at Bz = 1mG
(Fig. 10) and Bz = 100mG (Fig. 13).
For non-dipolar ase we an observe similar strutures
in 'xy' plane. Additionally, rotation of spin domains is
observed. During a single rotation, it is possible to ob-
serve dierent strutures of spin textures. Using Larmor
formula
ωL = γBz , (10)
-5.5 0 5.5
-5.5
0
5.5
-5.5 0 5.5
-5.5
0
5.5
-5.5 0 5.5
-5.5
0
5.5
-5.5 0 5.5
-5.5
0
5.5
-5.5 0 5.5
-5.5
0
5.5
-5.5 0 5.5
-5.5
0
5.5
-5.5 0 5.5
-5.5
0
5.5
-5.5 0 5.5
-5.5
0
5.5
-5.5 0 5.5
-5.5
0
5.5
FIG. 10: (olor online) The sequene of frames representing
hanging of spin textures with dipole-dipole interations. The
value of external magneti eld is Bz = 1mG and Larmor
preession frequeny is ω1mGL = 6.9 and tL = 1.45 × 10
−3
s.
The sequene of frames starts from 1.2s and ends after the
single yle.
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FIG. 11: (olor online) Populations of thermal louds for
mF = +1 (red), mF = 0 (blak), andmF = −1 (green) states
as a funtion of time with (the main frame) and without (the
inset) dipole-dipole interations for spherial symmetry and
for Bz = 100mG. The time of thermalization at Bz = 100mG
is longer then for Bz = 1mG, but still remains shorter if dipo-
lar interations are inluded. The system thermalizes after
t ≈ 0.7s.
where ωL is the Larmor frequeny we an alulate
the number of rotations per unit time. For example,
ω1mGL = 6.9 and t
1mG
L = 1.45× 10−3s. For Bz = 100mG,
ω100mGL = 690 and t
100mG
L = 1.45 × 10−5s whih is on-
rmed by our simulations. For low magneti eld we
observe a dierent time of spin preession. For exam-
ple, at Bz = 10µG the rotation period for dipole-dipole
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FIG. 12: (olor online) Kineti energy of mF = +1 (red),
mF = 0 (blak), mF = −1 (green) states as a funtion of
time with dipole interations (the main frame) and without
them (the inset) for spherial symmetry for magneti eld
Bz = 100mG. The system thermalizes after t ≈ 0.7s.
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FIG. 13: (olor online) The sequene of frames representing
hanging of spin textures. The value of external magneti eld
is Bz = 100mG and Larmor preession is ω
100mG
L = 690 and
tL = 1.45 × 10
−5
s. The sequene of frames starts from 0.75s
and ends after the single yle. The dipole-dipole interations
are inluded.
interation ase is about two times smaller. It an be
explained by replaement of external magneti eld by
eetive magneti eld whih inludes external magneti
eld, the mean eld originating from the spin-exhange
and the mean eld originating from the dipole-dipole in-
terations [20℄.
In summary we have shown, that the dipole-dipole in-
terations play a major role in the dynamis of the
87
Rb
ondensate in F = 1 hyperne state: a) the spin hang-
ing s-wave sattering length is small (noted before), b)
the ontat interations trigger the formation of weakly
overlapping magneti domains, ) beause of a) and b)
the importane of ontat interations with respet to
the long range fores is redued, d) as a onsequene
the thermalization time is signiantly shorter with than
without the dipolar term. We hope, that this ndings
may be veried experimentally by monitoring dynamis
of the thermal louds of all magneti omponents turning
o and on the dipole-dipole interations [8℄.
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